We use cosmological perturbation theory to study the backreaction effects of a self-consistent and well-defined cosmological averaging on the dynamics and the evolution of the Universe. Working with a perturbed Friedman-Lemaître-Robertson-Walker Einstein-de Sitter cosmological solution in a comoving volume-preserving gauge, we compute the expressions for the expansion scalar and deceleration parameter to second order, which we use to characterize the backreaction. We find that the fractional shift in the Hubble parameter with respect to the input background cosmological model is ∆ ≈ 10 −5 , which leads to Ω eff of the order of a few times 10 −5 . In addition, we find that an appropriate measure of the fractional shift in the deceleration parameter Q is very large.
the projected fluid frame provides a more physical definition of an averaged Hubble rate, we found that the effective energy density of the backreaction, evaluated at the current epoch for an Einstein-de Sitter universe in a comoving VPG, is Ω eff ≈ 5 × 10 −4 , which is slightly larger than but in broad agreement with previous results in conformal Newtonian gauge. However, we did not consider a measure of the acceleration rate in the comoving VPG and neither did we consider a genuine VPC, with a constant four-dimensional volume. This motivates the present study.
In this paper we extend the previous analysis. We work to second-order in perturbation theory, assuming as a toy model a pressureless Einstein-de Sitter universe. We stress that this is presented as a convenient toy model rather than necessarily an accurate model -we are less interested in the physical viability of the models, but rather in the comparative quantitative effects of the backreaction found in consistent VPCs. In §II we briefly review the dynamics of a second-order Einstein-de Sitter universe in Poisson gauge (closely following [46, 47] ), in which analytical solutions for the perturbations at linear-and second-order can be found, relating the Newtonian potentials at any time to the spectrum of the Newtonian potential at the present epoch.
We then discuss VPCs in cosmology in §III, in which consistent spacetime averages of cosmological perturbations can be undertaken, and present in detail the construction of a four-dimensional VPC at background, linear and secondorder in perturbations. We consider an extension of the comoving VPC, or VPG, employing one of the scalar gauge freedoms to ensure that the determinant of the 4-dimensional metric is constant and then applying an appropriate coordinate transformation; this generalises the considerations in [44] in which we employed uniform curvature gauge to fix the determinant of the induced 3-dimensional metric to a function of the scale factor alone. The linear and second-order Newtonian potentials can then be straightforwardly transformed into this VPC.
We discuss the cosmological averaging procedure in a VPC. The backreaction is defined from the expansion scalar and deceleration parameter, which we derive to second-order. The fractional shift in the Hubble rate ∆ (87) characterises the averaged Hubble rate (and could be used to estimate the effective energy density of the backreaction) while the fractional shift in the deceleration parameter Q (89) characterises the averaged deceleraton parameter. In pure FLRW evolution both of these quantities naturally vanish. Finally, we transform to Fourier space and evaluate the spatial averages employing the linear gravitational potential evaluated by a Boltzmann code developed from COSMICS and CMBFast [48, 49] . The numerical results are presented in Figure 2 . We find that the fractional shift in the Hubble parameter with respect to the input FLRW model is ∆ ≈ 10 −5 which leads to Ω eff of a few times 10 −5 . This is consistent with previous results. The averaged deceleration parameter evaluated in the VPC is found to be Q ≈ 0.44. The size of the fluctuation to the averaged acceleration rate is very large; it is unclear to what extent this is a gauge-dependent effect and whether it is physical or not, whether it indicates a breakdown of the formalism, or whether it indicates a problem with the choice of the second scalar gauge condition. However, it can certainly be stated that averaging the deceleration parameter in a coordinate system consistent with an averaging procedure could potentially lead to a large effect, with consequences for cosmological observations or for the current understanding of perturbation theory.
II. DYNAMICS
In this section we briefly review the dynamics of dust-dominated Friedman-Lemaître-Robertson-Walker (FLRW) universes perturbed to second order. Following the notation of [50] , in an arbitrary gauge the perturbed FLRW line element is
Here
Solutions for the perturbations are relatively straightforward in Poisson gauge, in which the line element reduces to
Fluid densities and pressures are expanded as
with a 4-velocity
We assume a pressureless Einstein-de Sitter universe at all times. We also neglect throughout vector and tensor modes. At linear order, vector modes decay with the scale factor and therefore rapidly become negligible, while tensor modes propagate as gravitational radiation and are suppressed by a factor of the scalar/tensor ratio, constrained to r 1/9 [51] . At second order, in principle the scalar, vector and tensor modes are of equivalent magnitude. However, as we will later see, in the expressions we evaluate the dominant term will arise from the square of linear scalar modes, of order O(ǫ 2 ), while the second-order vector and tensor modes will contribute quadratically, of order O(ǫ 4 ) or in combination with linear scalar modes, of order O(ǫ 3 ). For the purposes of averaging at second-order, vectors and tensors are therefore always subdominant to scalars.
Neglecting vector and tensor modes, the expansion scalar is
The acceleration rate is governed by the projected time derivative of this:
which can be recovered from the Raychaudhuri equation or directly from the expansion scalar.
In an Einstein-de Sitter universe the background solution is
The linear system can be solved by considering the Einstein equations in Newtonian gauge [50] ,
Setting φ 1N = ψ 1N in the evolution equation gives
This solution is initialised at a time η m deep in matter domination. Since we are considering the recent universe where η ≫ η m (or equivalently, a(η m ) ≪ 1) we can neglect the decaying mode, implying that
The Hamiltonian and momentum constraints now rapidly provide the density contrast and velocity,
Let us turn now to the more complicated issue of the second-order scalar perturbations. Our discussion follows that of [46] , although we work in a pure EdS universe and our results are equivalent to those in [47] . The components of the G 
i − j trace :
These equations can provide us with a commutator for ψ 2N and φ 2N and an evolution equation for ψ 2N in the same manner as the equivalent linear equations, which we derive closely following the method in [46] .
1
Defining the auxiliary functions
and the related definitions
allows us to write the commutator as
as can be verified by expanding this equation out and comparing with equation (16) with p = δp = 0. Using the form of the solutions at linear order it is easy to see that
In particular, this implies that
(Note that this holds only because we are working in an EdS universe; in a ΛCDM universe this is no longer true and the time derivatives of the potentials will increasingly differ from one-another.) The evolution equation from the trace can be rewritten as
Inserting the commutator this reduces to
Since the source S is time-independent this is trivially solved to give
Boundary conditions can be set using the curvature perturbation on uniform density hypersurfaces, which is conserved on large-scales [50] . 2 The curvature perturbation produced after inflation produces [46] 
Employing the second-order Hamiltonian constraint and the relationship between ζ 2 and the Newtonian gauge variables [46, 50] then gives
Using the commutator to find ψ 2N (η m ) and dropping the decaying mode allows us to fix the constant A, ultimately yielding
These agree with the results of [46, 47] reduced to pure EdS and η ≫ η m . We also require the Laplacian of the velocity in Poisson gauge, which can be found from the momentum constraint (14) to be
The expansion scalar can now be written to second order in Poisson gauge in a pure EdS universe in terms of the linear potential φ 1N ,
We calculate the acceleration rate directly from (7), givinġ
III. VOLUME-PRESERVING COORDINATE SYSTEMS IN COSMOLOGY
Background
Let us consider first the background cosmology, which will determine the coordinate transformation necessary to ensure an appropriate volume element and a suitable notation. By definition a volume-preserving coordinate system is one in which √ −g = 1. The determinant of the metric of the flat FLRW background spacetime (1) is g = −a 8 (t). This can be brought into a volume-preserving form through the coordinate transformation
For a universe filled with dust we therefore have that
The physical Hubble rate is H = a 3H , and an overdot denotes differentiation with respect to σ.
Linear Order
We can now consider a volume-preserving coordinate system at linear order, with the procedure we follow standing as a template for the significantly more complicated non-linear case. The material in this section was first presented in [45] . The determinant of a linearly perturbed FLRW metric in an unspecified gauge is
where we have not neglected vector and tensor components. A comoving VPC with √ −g = a 4 (η) is therefore defined by choosing a gauge in which
This determines one of the two scalar gauge freedoms. The other can be specified by enforcing
which ensures the gauge transformation is cleanly defined. It is important to note that there is therefore not a single VPC in cosmology but rather a family of VPCs dependent on the choice of this second remaining freedom. The gauge transform is generated by the 4-vector ξ µ = (α, ∂ i β), and choosing a gauge in which the spatial curvature vanishes implies
The metric determinant then transforms as
This can be solved for the spatial component of the gauge transformation,
Applying this gauge transformation to the metric and fluid quantities therefore gives the perturbations in the comoving VPC,
Specialising to the transformation of Newtonian-gauge dust perturbations into the comoving VPC gives
The metric can be brought into a true volume-preserving form with dσ = a 4 dη, leaving the line element in a linear cosmological VPC
with
Writing quantities in terms of the Newtonian-gauge potential, the expansion scalar and acceleration rate to first order are
Second Order
The linear VPC presented in the above section can be extended to second-order in perturbations in a straightforward manner. To second order in perturbations
Here C = C
As claimed earlier, vector and tensor modes enter only in products, and therefore only the linear vector and tensor perturbations are significant. Since for linear modes
and r 1/9, the impact of these modes on the determinant can be neglected. We assume that the linear sector is already in the comoving VPC defined above, with time coordinate η. In this section, perturbations without a subscript contain both linear and second-order components; for instance,
Finding a VPC to second order becomes significantly more straightforward if we choose to transform from a system in second-order perturbed Poisson gauge. If we later had solutions in, for instance, synchronous gauge it is straightforward to first transform them to Newtonian gauge and then the VPC. The task also becomes far easier if we also focus from the outset on dust-dominated universes, which is sufficient for our purposes but must be generalised if one wishes to consider systems containing radiative species or some form of dark energy.
As in the linear case we fix the first gauge freedom by setting
It must be emphasised again that as at linear order, there are a number of ways in which a comoving VPC can be fixed at second-order. The choice ψ 2V = 0 provides a straightforward case in which
with χ ij defined later. Since this is the same as the α 2 required to transform between Poisson and uniform curvature gauges at second order (see equation (7.24) of [50] ), this transformation produces gauges that are fully fixed in their time evolution. However, it is possible an alternative choice would produce a gauge better-suited to the problem. We further discuss this issue later. The effects of averaging at second-order are known to be gauge-dependent. For example, for an appropriate choice of averaged Hubble rate, it is possible to choose a gauge in which a measure of the backreaction on the Hubble rate vanishes (as in the "gravitational frame" in uniform curvature gauge in [44, 59] ), or alternatively to choose gauges in which logarithmic divergences arising from superhorizon modes are also absent (as in the "projected fluid frame" in uniform curvature gauge in [44] ). While the formalism we will employ in this paper is different from that employed in these earlier studies, such logarithmic divergences are endemic in studies of second-order perturbations and should be expected to naturally arise here. In principle, we could choose the second gauge condition to explicitly eliminate logarithmic divergences in the averaged expansion or acceleration rate q = −Ḣ/H 2 − 1, although it may not prove possible to simultaneously eliminate them from both quantities.
In any event, the logarithmic divergences are clearly gauge effects given they arise in some formulations (for instance, [13, 14] ) and not in others (as in [44] ), and should not be expected to influence the physical results. On a practical level, we can handle them by imposing an infra-red cut-off scale at or above the Hubble scale; since the divergence is typically logarithmic the impact of changing the cut-off even by an order of magnitude is not very significant. We will return to this issue later.
In this paper, to keep things relatively simple and not overly complicate the analysis, we shall consider the simpler case with ψ 2V = 0. Neglecting the vectors and tensors, expanding out the determinant and enforcing the VPG condition at linear order gives
The spatial part of the transformation β 2 enters only through the second order anisotropic stress scalar transformation, equation A10. We can also see that for a dust system in Poisson gauge, β ′ 1 = 0. Inserting the gauge transformations for φ 2 (A9), E 2 (A10) and substituting the dust solutions for the linear perturbations (12) allows us to solve for β 2 , giving
The quadratic χ terms (A11, A12, A13) for this transformation, the perturbations at second order and other useful quantities are presented in Appendix C.
The expansion scalar and acceleration rate become to second order
These quantities can be transferred into the full VPC with the substitution η = γσ 1/9 . With this coordinate transformation ξ = (α 2 , ∂ i β 2 ) the metric is now in VPC form to second order,
where 
where the 4-volume is V 4 = d 4 x and the spatial average is implicitly taken to lie in the domain D. Within the assumptions of the cosmological models under consideration, evolution is smooth with respect to the time coordinate σ; therefore, there is no appreciable small-scale deviation of A(σ, x i ) with respect to timescales σ ′ ≪ σ. Thus, writing
for some α determined by the 4-domain, and therefore with
we have that
For a perturbed FLRW model, the 4-dimensional average reduces to a spatial average. The [4, 5, 7, 14] ). A deviation from pure FLRW evolution can be characterised by
The 3-average is tractable in a similar manner to those taken in a more typical approach (e.g. [4, 7, [12] [13] [14] 44] and their references). The other characteristic of the evolution of an FLRW model can be parameterised by
where an overdot here denotes the covariant derivative projected along the fluid 4-velocity,Θ = u µ ∇ µ Θ. In an EdS universe, q 0 = 1/2. Unlike the expansion scalar, q is dimensionless. We can characterise the average acceleration by defining
It is not our intention to construct a consistent effective FLRW cosmology based on the backreaction terms. Rather, we are interested in characterising the magnitude of deviations from the FLRW background. In this context, ∆ and Q provide ideal test variables, which can be readily interpreted. If an interpretation in terms of some effective dynamical model is required, the simple commutation between spatial averaging and time differentiation that arises in a VPC would make this a relatively straightforward procedure. The impact from linear tensor modes was considered in [43] , in which they were found to provide an effect that was unsurprisingly weak, but which acted as a fluid with w eff ≈ −8/9. Although that study considered 3-averages, the effective energy density and pressure in this study were found from spatial averages which were effectively in uniform curvature gauge, with the corrections to the volume element from the gravitational waves entirely negligible. The contribution of the linear tensor modes to the second-order scalar perturbations is likewise extremely subdominant to that from linear scalar modes, and the scalar and tensors therefore do not couple to any appreciable degree. The results of [43] can consequently be directly employed.
B. Consistent Spacetime Averages of Cosmological Perturbations

Spacetime Averages of Perturbations
Spacetime averaging is most conveniently performed in Fourier space, in which the above forms simplify considerably and in which we possess both numerical and analytic solutions for the linear Newtonian potential φ 1N . The transformation is defined as
Defining the 3-volume with a window function allows us to perform the integral over x i across all scales. Letting W (x) be the window function defining the spatial domain, the spatial average and 3-volume are then
The Fourier transform of the window function is
That is, the 3-volume is the zero mode of W (k). The 3-average is therefore
Similarly,
Since our solutions at linear order only provide us with the statistical nature of the distribution, to recover meaningful answers we take ensemble averages of the spatial averages. (On large scales these averages will tend to converge through ergodicity.) Denoting an ensemble average with an overbar, the ensemble averages of linear perturbations and products are
with primordial power spectrum P(k) = A ⋆ (k/k ⋆ ) ns−1 . An immediate well-known consequence is that the pure linear terms in Θ 1V andΘ 1V will not contribute to the deviations from FLRW behaviour. However, they will contribute on smaller scales; when an ensemble average is not being taken it should be expected that a spatial average of the linear terms on smaller scales would contribute significantly. This will be explored in a forthcoming paper [60] . It is convenient to consider the separate cases of second-order averages individually. 3 . The perturbations can be straightforwardly expanded in Fourier space and an ensemble average taken, to yield the familiar
Quadratic Products of Linear Perturbations Consider terms of the form A(x)B(x)
A(x)B(x) 3 = P(k)A(k)B * (k) dk k .(67)
Products of Gradients and Laplacians
, where the indices balance such that the result is a scalar, and let there be m operators acting on A(x) and n acting on B(x). Then
In particular,
Products containing Inverse Laplacians Now let A(x) contain an inverse Laplacian term acting on the linear perturbation. In this instance, we require the Fourier transform of
. Consider first the case ∂ −2 C(x). Then we want to find the Fourier transform of ∂ a ∂ a X(x) = C(x),
that is, the Fourier transform of
does not change the argument and simply inserts an additional power of (−ik). Likewise, setting A(x) = ∂ a ∂ −2 C(x) in (67) merely adds an extra power of −ik −1 . We can therefore state that
For instance, setting m = 1, n = 3, p = q = 1 gives
as can be confirmed by direct calculation.
Inverse Laplacians of Products These cases need a bit more care since the inverse Laplacian is now acting on a product of perturbations and the simple arguments presented above do not apply. We follow the approach of [13] , in which it was demonstrated (their equation (91)) that
and, in particular, (their (93)) that
and (their equation (95)) that
These forms, along with straightforward substitutions for A or B of the form
, are sufficient for almost all of our purposes.
The final form we require is
This is demonstrated in Appendix D.
Second-Order Perturbations We can use the above results to evaluate the averages of
, which appear in the expansion scalar and its time derivative. The Laplacian of the velocity contains the terms N and
; the other contributions are straightforwardly recovered from the above. The average of N is also straightforward. Using (74) it is easy to see that
The Laplacian of the source term,
, is similarly straightforward. Expanding out the derivatives and using (68) it is easy to see that
and similarly
We can then evaluate the other contributions to ∂ a ∂ a v 2N 3 from (30) to find that
as previously seen in [13] . In a similar vein, the expressions for ψ 2N and φ 2N contain a term proportional to ∂ −2 N . Using (75) this can be written
As noted in [13] , terms proportional to ∂ −2 N are always balanced by a term proportional to ∂ −2 (∂ a φ 1N ∂ a φ 1N ) . Therefore
and
Finally, we can quickly note that
The Expansion Scalar and Deceleration Parameter
We are now in a position to evaluate the spatial averages in the averaged expansion scalar (51) and deceleration parameter. Background terms are invariant under the spatial averaging, while Θ 1V 3 = 0. Using (C6) we can also see that
while the inverse Laplacian of ∂ i ∂ j X ij (C7) resolves to
With the results from the previous section, we can find that the fractional shift in the Hubble parameter with respect to the input FLRW model is
The deceleration parameter evaluated in the VPC can be seen to be
which generates the fractional shift
It is significant to note that unlike ∆ there is no term in the integrand proportional to |φ 1N | 2 ! As we demonstrate in the next section, this implies that there is no large-scale logarithmic divergence in the integral and it remains safely finite -there is no need for an unphysical infra-red cut-off. However, the integrand will instead exhibit an ultra-violet divergence, which we will control with a smoothing of the gravitational potential for scales above a smoothing scale R S .
Numerical Results
On large scales, the integrand for ∆ scales as k −1 , which produces the familiar logarithmic divergence ∆ ∼ ln(k IR ) which emerges naturally in studies of nonlinearities in cosmology (as, for example, in a different context in [61] ). We control this by imposing an infra-red cut-off at ten times the Hubble radius, as in [13] . While the choice of k IR is arbitrary, the divergence is only logarithmic and there is little difference in ∆ for choices of k IR within an order of magnitude of the horizon scale. There is no infra-red divergence in Q.
Conversely, on small scales the integrand for Q scales as (ln k) 2 /k. This produces an ultra-violet divergence Q ∼ (ln k UV ) 3 . We control this as with similar integrals in [13, 14, 44] by applying a smoothing function
to the gravitational potential. The most physical choice of smoothing scale R S is the Silk scale which for this model is R S ≈ 6Mpc. The ultra-violet divergence does not appear in ∆ 4 but we present results both with the integrand smoothed, for consistency with Q, and left unsmoothed. Figure 1 shows the integrands for ∆ and Q for R S = R Silk . Solving the integrals numerically, we find that
For such a small value of ∆ this implies
In Figure 2 we plot ∆ and Q as functions of the smoothing scale R S . To reduce the impact of the perturbations on q 4 to the level of 10 −5 requires the perturbations to be damped on scales as large as R S 100Mpc/h. As R S grows beyond the homogeneity scale 100 − 115Mpc [62] the impacts decay rapidly to zero, as one should expect.
The direct impact on the Hubble rate is therefore of a similar order of magnitude to previous estimates. Conversely, the shift in the acceleration rate is extremely large -of the order of 50% -driven by the rapid ultra-violet divergence that generates the large peak visible in the integrand. It is also interesting to note that Q > 0, implying that q is moved further from zero, and while this result may naïvely suggest a large impact on the background acceleration it cannot immediately be connected with the observed acceleration, for which we would desire Q ≈ −1 if we wished an accelerating averaged EdS universe. It is unclear to what extent this is a gauge-dependent effect, and given the magnitude of the result the study of a volume-preserving coordinate system with the second gauge choice fixed through physical arguments seems imperative. Cosmological averaging is only properly defined when working within a VPC, but we have only considered the simplest possible on here. It is now a matter of importance to investigate whether Q ∼ 0.4 is a generic prediction, or whether a VPC can be found in which such divergences are eliminated from both ∆ and Q. The calculations in this paper form a vital first step in this procedure.
V. DISCUSSION
In this paper we have considered the fractional shifts in the Hubble and deceleration parameters, averaged across a spatial volume. We have advocated the use of volume-preserving coordinate systems, in which consistent spacetime averages of cosmological perturbations can be undertaken. These VPCs are defined through two scalar gauge freedoms, one of which is used to set the metric determinant to unity. The other gauge freedom is arbitrary, and there is therefore an infinite family of cosmological VPCs. Choosing the second gauge condition to set the spatial curvature to zeroa choice motivated by convenience, since it provides the simplest system to be solved for the gauge generating vector -we then constructed a VPC valid up to second-order in perturbation theory. Cosmological perturbations in an Einstein-de Sitter universe perturbed to second-order can then be found in the VPC in a straightforward manner by transforming them from the Newtonian gauge, in which they are well-known. Spacetime averaging is then easily defined. This approach is complementary to other research in the area, which extends the usual single-scale cosmological averaging to multiple scales, reflecting the hierarchy of scales apparent in the observations. It also has consequences for averaging in unimodular gravity, which is equivalent to general relativity but naturally formulated in volumepreserving coordinate systems [63] .
Deriving the expansion and deceleration parameters for dust-dominated universes perturbed to second-order, we characterised the backreaction through the fractional shifts in the Hubble parameter, ∆ (87), and the deceleration parameter Q (89). In contrast to the approach necessary in [14, 44] , the Hubble rate can be simply and physically associated with the expansion scalar of the cosmological fluid. ∆ and Q are not immediately related to parameters in an averaged cosmology written in terms of effective Friedmann equations, but ∆ can be straightforwardly related to an effective energy density in the backreaction and, if it were required, Q could be linked with an effective pressure through the simple commutation between time differentiation and spatial averaging that arises in a VPC.
Since we understand linear perturbation theory in Fourier space, the averages ∆ and Q can be evaluated for a typical event through ensemble averaging. To do so we employed a Boltzmann code progressively developed from COSMICs and CMBFast [48, 49] in [9, 12, 43, 44] , which we used to recover φ(k, η 0 ), the linear Newtonian potential at the present epoch. In principle, this allows us to evaluate ∆ and Q (and if we desired their variances, which were noted in [13] to potentially be far more significant than the means).
However, integrands in the VPC exhibit infra-red and ultra-violet divergences which are endemic in studies of second-order perturbation theory. Both infra-red and ultra-violet divergences are familiar in studies of backreaction undertaken in 3-domains. While they occur in 3-averages evaluated in Newtonian gauge [14] or traceless uniform CDM gauge [44] , they do not appear in uniform curvature gauge [44] (although it is unclear whether or not they occur in the deceleration parameter in this case). Therefore, the divergences are clearly a gauge-dependent effect. The ultra-violet divergence in Q that we found in this study is similar in form to that which appeared in the traceless uniform CDM gauge. We controlled the infra-red and ultra-violet divergences in the usual manner, imposing a hard large-scale cut-off at k IR = k H /10 and damping perturbations on scales below k UV . The large-scale cut-off can be justified by noting that the divergence is only logarithmic, and that a change in k IR by an order of magnitude only influences the results by a factor of approximately 2. On small scales, linear perturbations are damped by Silk damping and it is reasonable to take k UV = k Silk ≈ 6Mpc −1 ; furthermore, on such scales linear perturbation theory becomes invalid and the results from perturbation theory can no longer be trusted.
Solving the integrals numerically, the results were presented in Figure 2 . We found that the fractional shift in the Hubble parameter with respect to the input FLRW model is ∆ ≈ 10 −5 , which leads to Ω eff of the order of a few times 10 −5 . This is broadly consistent with previous results. However, it is interesting to compare this result with the effective energy density obtained in uniform curvature gauge, which was found to be significantly larger: Ω eff ≈ 5 × 10 −4 . It seems plausible to suggest that this result in uniform curvature gauge provides an approximate upper-bound on the effective energy density from backreaction; since the integrands exhibited neither ultra-violet nor infra-red divergences, we did not have to neglect the impact from any scale in the manner we have had to here. By imposing large-scale cut-offs and small-scale smoothing we may be neglecting regions of the average that we should instead consider -note, for instance, that imposing a cut-off on large-scales in Fourier space corresponds to removing concentric shells, or "onion rings", from a spherical average. The question of the relative size of these effects and how self-consistent averaging within perturbation theory may affect the correct interpretation of cosmological observations has been discussed previously (see for instance [44, [64] [65] [66] ).
The fractional shift in the averaged deceleration parameter evaluated in the VPC was Q ≈ 0.44. The size of the fluctuation to the averaged acceleration rate is very large, being driven by the rapid ultra-violet divergence generating the large peak visible in the integrand. It is unclear to what extent this is a gauge-dependent effect and whether it is physical or not, or whether it indicates a breakdown of the formalism.
As we have emphasised, a cosmological VPC is defined by a single scalar gauge condition. In this study we set the second gauge-condition by requiring that the spatial curvature ψ V = 0. However, this choice was arbitrary and it seems likely that imposing an alternative gauge condition would remove one, or perhaps both, of these divergences and produce a gauge better-suited to the problem. Defining a VPC by the requirement that infra-red or ultra-violet divergences do not occur in Q or ∆, could be expected to provide the "preferred" coordinate system (or systems, in the event that both cannot be safely evaluated in a single VPC) in which to perform spatial averaging. As a concrete example, it is possible to choose a gauge in which the backreaction on the Hubble rate in a 3-volume exhibits neither infra-red nor ultra-violet divergences [44] . Alternatively we could choose the second gauge condition to explicitly eliminate divergences in the averaged acceleration rate. While large-scale cut-offs and small-scale divergences control our integrands, they are unsatisfactory for two chief reasons: first, they are entirely arbitrary and the extreme sensitivity on k UV in particular creates large changes in the results for a small change in the cut-off scale; and second, we exclude the "onion-rings" from the spatial averages in a distinctly unphysical manner. It can be argued that the spatial average is only properly evaluated in a coordinate system in which spurious divergences do not occur and the impact from all scales (on which the theory is valid) is well-defined. This interesting prospect is left to further study; here it suffices to note that an infra-red divergence is inevitable if the ensemble average contains a constant term in its integrand, Ad(ln k), and that an ultra-violet divergence is inevitable if it contains a term proportional to k 4 , B(kη) 4 d(ln k). We are then effectively restricted to integrals of the form C(kη) 2 d(ln k), as seen in uniform curvature gauge in [44] , and the amplitude of cosmological perturbations then implies that the fractional shifts in both ∆ and Q arising from cosmological perturbations are bounded by {∆, Q} 10 −3 . This estimate is provided for Einstein-de Sitter models; for more general cosmologies the introduction of a cosmological constant tends to reduce the effect by a factor of two or three. It should also be noted that fractional shifts of this order-of-magnitude would be extremely significant. Not only are observational quantities such as the angular diameter distance of the BAOs influenced by integral effects, which could in principle compound small shifts to produce a larger impact, but the actual backreaction in the universe arises not only from perturbations but also from non-linear structures, which are likely to contribute a larger effect.
For these reasons the further investigation of VPCs in which consistent averages can be taken is vital for a full understanding of modern cosmology, and the study in this paper provides a vital first step in this procedure.
where X vi contains the terms quadratic in the first-order perturbations and is defined in equation (A13). The scalar metric components transform as
where X ij (A11) and X B i (A12) contain the terms quadratic in the first order perturbations. The quadratic terms are
Appendix B: Second-Order Einstein Field Equations
In our notation, and correcting typographical mistakes in [53] , the scalar Einstein field equations at second order in Poisson gauge [52] [53] [54] and assuming perfect fluid matter are 0 − 0 : 3H (ψ
(B3)
Appendix C: Second-Order Dynamics in the Comoving Volume-Preserving Coordinate System
The quadratic terms (A11, A12, A13) for the transformation between Newtonian gauge and the VPC reduce to
We can now perform the integral over θ k ′ and φ k ′ , giving
The integral over k is now trivial. Noting that the term proportional to k 2 in I(k, k ′ ) vanishes in the integral, we are left with
where the negative sign is taken for C ij = ∂ i A∂ j B while the positive sign is taken for C ij = A∂ i ∂ j B. The result for C ij = ∂ i A∂ j B agrees with that in [13] and to our knowledge the other is original to this paper.
